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Plane Jet in a Moving Medium

A. Pozzr* axp B. SABATINIT
University of Naples, Naples, Italy

IT is well known that major difficulties in the viscous theory
of jets occur from the impossibility of obtaining similar
solutions when conditions are different from those of Schlicht-
ing.2

The purpose of this paper is to show how it is possible to ob-
tain “nearly similar” solutions and to give a solution of the
linearized equation.

Basic Equations and **Nearly Similar’’ Solutions

The equations governing the motion of an incompressible
plane jet in a moving medium in the boundary-layer ap-
proximation aref

Uy + vy = (1)
Ul + DUy = Viyy (2)
‘Related boundary conditions are

u0,y) = u;, for y<h
(3)
w0, y) = u, for y>h

v(x,0) = 0 u,(2,0) = 0
€Y

u(x, o) =y,

where 24 is the height of the jet at x = 0, u; its velocity, and .
the external (constant) velocity.

If it is assumed?® that the slit is infinitesimal, initial condi-
tions [Eq. (3)] are replaced by

&dg f _: (w* — uudy = 0 5

(This equation was obtained by integrating Eq. (2) between
— o and + «, taking into account the continuity equation).
Put in Eqgs. (1) and (2)

U= U — U V=1 (6)
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{ These equations also hold good for compressible fluids as long
as up can be assumed constant.
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The continuity equation does not change, whereas the momen-
tum equation becomes

Tk + ity + Ui = Vg, )

Now one assumes the stream function ¢ to be a “nearly
similar” function; i.e., one writes

¥ ) = @) 2 famo ®
with
1 = y/h(@) 9)

Equations and boundary conditions make it possible to find
the unknown functions h(zx), m(z), and F(x) to obtain

h o= 3vV/2; F(z) = »V/31/3  (10)

Note that the fo(n) in Eq. (10) is that of Schlichting’s solu-
tion3 for a jet in a medium at rest.

To obtain the velocity functions fi() of the expansion
scheme (8), this expression is substituted in Eq. (7) and the
mi(z) coefficients equated to zero.

m = 3uxVs;

Solutions of the Linearized Equation

As long as m is sufficiently small (i.e., m? < m), only the
first term in the series expansion of Eq. (8) may be considered.
The equation that determines the velocity function f,'(n)
in Eq. (9) is then

L= =R = 20" — £ — ufe” — (11)

subject to the boundary conditions
f(0) =0 £70) =0 fl(=) =0 (D’

Moreover, to satisfy Eq. (5) up to terms of order m, it must
be verified that

(=) 42 [T W dn = 0 (1"
Since it seems very difficult to solve Eq. (11) exactly, the

following approximation is proposed:
Integrate Eq. (11) once:

L= =f'f" + 2f'n + fo— 2 j;”flfoy dn (12)
Now, as previously stated, condition (5) requires that
Gn) = fulm) = 2 [ 15" dn (13)

is zero when 7 — . Moreover, at 9 = 0 both function Jo
and j; 7 fife” dn are zero.

So, following an interative method, one assumes in Eq.
(12), as first-approximation value of (13), G(4) = 0.
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Equation (12) then can be solved easily to obtain, after im-
posing conditions (11),

fi! = (C — n%)/cosh®n (14)

where C is a free constant. This constant makes it possible
to satisfy condition (11)” exactly.

The value of € so determined, which represents the w;, com-
ponent of the velocity at n = 0, is C = —0.428 and agrees
with the numerical result, ¢ = 0,425, of Ref. 1. Moreover,
comparison of the forementioned solution with that of Ref. 3
shows that the agreement holds for the whole field, the dif-
ference being only of some units in the third decimal place.
It therefore follows that a second iteration is not necessary.
The velocity function (14) is shown in Fig. 1 together with
the Schlichting solution for the jet in a medium at test.®
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Torsional Vibration of a Semi-Infinite
Viscoelastic Circular Cylinder Due to
Transient Torsional Couple
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HIS paper is concerned with the determination of dis-

placement in a semi-infinite viscoelastic eylinder when a
torque, exponentially decreasing with time, is applied on a
prescribed region of the plane end.

Method of Solution

Let b be the radius of the eircular cylinder, and let the
torque be applied at the plane boundary Z = 0. The
material of this cylinder is supposed to satisfy the stress-
strain relation ‘

7i; = [N+ N(0/0f)ewsds; + [u + u'(0/0)]es; (1)

where 1;; and e;; are the stress and strain tensors, respec-
tively, and

6“':0 Z#]

X, N, u, p’ being material constants.! ’

Choosing cylindrical coordinates with the Z axis along the
axis of the cylinder, the components of displacement at any
point of the cylinder are

% = 0 ug = 9(r,2,0) u, = 0 2)
Thus the components of strain are
erp = (09/0r) — (8/1)

erzzo

Err = €09 = €z = 0

3)
ep: = OU/0z
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From (1), the stress components are
70 = [u 4+ p'(0/0t)]ens
To: = [p + 1/ (2/01) Jes,

The equations of motion take the form

ot 2\(o 100 _ 9, o
—*=<#+ﬂ-at><aﬂ+ + ) (5)

Trr = T~ Tzz = 0

T = 0

P o ror 12 O

p being the density of the material, with the boundary condi-

tions
,0 \od _ .
l:(“ K at) Dzl=o = Fre

t20,2>0for0<r<a

Toz

=0 fora <r < bwherea <b (6)

A\/o9 &
j— I; —_— — — =
= [(M : bt><ar 7>]r=b 0 t20

4 =0 at z = «©

Assuming
9 = A y(Kor) on(z,l) @
where Kb is the nth root of J»(Kb) = 0, Eq. (5) reduces to

on O\ QPen
ot (” te bt)l: 222 5”2“‘7"(2’0] ®

To solve (8), take

enlzt) = f2)e 9)
From (8) and (9), one obtains
(@f/dz?) — m*f =0 (10)

where m? = (pQ2 — K.2Qu" + K.2u)/(n — w'Q). It is as-
sumed that p > p'Q.

Thus f(z) = Ciem + Cse ™=  The last condition of (6)
gives Cy = 0, and f(z) becomes

(&) = Coemm= (an
Thus one writes
9 =, B, Ji(K. e e~ (12)
n=1

From the first condition of (6) and from (12), one obtains

;TP’;E = EIOMII(K"T) (13)
where C,, = —B.m. C, is given by the relation?
Co{ (K202 — 1DJ2(Ka0) + a?K,2 " 2(K.a)} =
L N L ’;,Q TUEK.r)dr =
Therefore
C. - 2K, Pa2] o(K,a)
(v — WD UKa? — DI Kna) + *K 2 H(Ka)]
From (13)
B.,=—-C./m
_ —2k,Pb%] (K .a)
(b~ W Om{(K.20® — 1)J12(Kaa) + K2 K.0)]
(19



